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It has been shown that Vi(T, p, x,) = V{(T, p — =,) and that ¥,(T, p, x,) = VT, p — n,),
where 7, is the osmotic pressure of the solvent in a binary solution and 7, is the osmotic pressure
of the solution solute. An increase in pressure applied to the solution, the pure solvent and pure
solute from p to p + Ap compresses the solution solvent and pure solvent by equal fractions

_ AV(T, p, %) _ AVUT, p — my)
VT, p, x1) VAT, p — )
and compresses the solution solute and pure solute by equal fractions
. AVA(T, p, x3) - _ AVUT,p — 7y)
Vi(T, p, x3) V)T, p — my)

Thus, the compressibilities of the solution solvent and pure solvent are related as
kT, 0, %) = 6{(T, p — my);
and likewise, the solution solute and pure solute compressibilities are related as
k3(T, p, x2) = kAT, p — 7).
Since
AV _ A 12 AV,
% n

72 1

vV

it is shown that the compressibility of the solution and the compressibilities of the pure con-
stituents are related as

770,.0 700
K12V =nViKi + n, Vi3

where k., and V are measured at p, x$ and V9 are measured at p — =;, k3 and VJ are measured
at p — 7, and all are measured at the same 7.
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INTRODUCTION

The purpose of this article is to derive an exact relationship between the
compressibility of a binary solution, x,,, and the compressibilities of its
pure constituents, k$ and k9. The derivation will be based on the recognition

that all species in a solution enhance the tension in the coupling forces, and
thereby increase the partial molar volume of each species in the solution.!-?

Compressibilities of solution, solvent, and solute

A binary solution contains »n, moles of solvent and n, moles of solute. The
volume of the solution at T and applied pressure p is

V(T p, ny, ny) = "1V1(T’ p,ny, 1) + n2172(T, P, 1y, ny), (1)

where Vi(T, p, ny, n,) is the partial molar volume of the solvent (i.c.
oV/on,| T, p,n,) and Vy(T, p, n,, n,) is partial molar volume of the solute
(ie. o8V/ény| T, p, ny). If T is held constant as the applied pressure increases
from pto p + Ap, the solution volume decreases to

V(T:p + ApanlanZ) = nlvl(’r;p + Ap’nlaHZ) + ny I—/Z(’I:p + ApanlanZ)' (2)
The decrease in solution volume — AV due to the increase in pressure Ap is
—AV(T; b, 1y, nZ) = V(T; 14 + Apa ny, n2) - V(7; D Ny, n2)' (3)

The partial molar volumes of the solvent and solute also decrease by the
amounts

_—AVI(’I—; D, Ny, nZ) = Vl(T; 14 + Apa Ry, nZ) - I71(’1—; p, 1y, n2) (4)
and
_AVZ(T; p, ny, nl) = I72(7: P+ AP’ ni, n2) - VZ(T; D> Ny, nZ)' (5)

By subtracting Eq. (1) from Eq. (2) and using Egs. (3), (4), and (5), it follows
that

—AV(T, p,ny, ny) = —n AV(T, p, ny, vy) — i AV(T, pong,ny). (6)
Dividing Eq. (6) by V,
AV AV, AV,

—7:—"17—'12[/- (7)
The compressibility of the solution is defined as
AV

k1T, p, ny, ny) = —7Ap_1 8
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and is afunction of T, p, n, and n, . Likewise, the compressibility of the solution
solvent can be defined as

AV,
K1(7: 1288 nZ) = - 71 AP 17 (9)
1
and the compressibility of the solution solute can be defined as
AYV.
k(TP ) = = 2 Ap™ " (10)
2

Combining Egs. (8), (9) and (10) with Eq. (7),
nVy(T, p, ny, 1)
V(T, P, Ny, nZ)

ny V(T p, nyny)
V(T’ P> 1y, n2)
The solution was constituted by combining n{ moles of pure solvent,
having a volume VT, p) = ndVY(T, p), with n3 moles of pure solute,
having a volume V(T, p) = nd V(T, p). V9 and V$ are the molar volumes
of the pure solvent and pure solute, respectively, and both are functions of
T and p. Increasing the pressure applied to the pure solvent fromptop + Ap
at constant T decreases it molar volume an amount
—AVX(T,p) = VT, p + Ap) — VT, p)

and its compressibility is

K12(Ts D, 1y, nz) = Kl(Ta p. 1y, nZ)

(11
KZ(Ts D> 1y, n2)'

AV
kAT, p) = = 3 A~ (12)
1
Likewise, increasing the pressure applied to the pure solute from pto p + Ap

decreases its molar volume an amount
—AVYT, p) = VYT, p + Ap) — V(T p)
and the compressibility of pure solute is

AVY .
KATp) = — 5 Ap7 " (13)
2

Relationship between compressibilities of solution solvent k, and
pure solvent k$

The chemical potential of either species i in a binary solution can be altered
by changing T, p or the molar amount of species i according to

_ . Ou:
dudT, p,ny, ny) = —8,dT + Vdp + b%dxi,

i
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where §, is the partial molar entropy of species i and x; = n;/(n, + n,), the
mole fraction of species i. Increasing the pressure applied to the solution from
an initial p; to p; + Ap at constant T and x, increases the chemical potential
of the solvent in the solution an amount

pitAp
p(T pi + Ap, x1) — wy (T, piu x4) = f Vy dp. (14)
pi
For pure solvent, x{ = 1. Decreasing the pressure applied to it from p; to
p; — Ap at constant T decreases its chemical potential an amount
pi—Ap

KT, py — Ap) — k(T py) = f 79 dp. (15)

pi

V, and V¢ are both functions of T and p but they are not equal at the same
T and p. However, there is an exact relationship between them.

If Ap in Egs. (14) and (195) is equal to the osmotic pressure of the solvent
in the solution, 7,, then the sum of the left sides of Egs. (14) and (15) equals
ZETO SInce

#(Tpi + 7w, xy) = p(T, p) (16)
and

1T, piy x1) = W(T, p; — 70y). (17)
That is, if the pressure applied to the solution and pure solvent differ by =,

then the chemical potentials of the solution solvent and pure solvent must
be equal at constant T. Thus, it follows that

pitmy Di _
J V,dp = f V0 dp. (18)
pi pPi— Ry

V, and V? are state functions of T and p and vary continuously with p; so
p; in Eq. (18) can have any value and it can be increased to p; + m;; so again

pit2ny pitm1
j Vidp = f V9 dp. (19)
pitmy pi
The sum of Egs. (18) and (19) becomes
pit2my pitmy
f V,dp = f V{dp. (20)
pi pi— Ty

Thus, V; and V9 vary with p and they must vary so as to satisfy Egs. (18), (19)
and (20). Let us assume that V(T, p + =y, x,) = VYT, p) and show that
Egs. (18), (19) and (20) are satisfied only if, for every p, Vi(T, p + mn,, x,) does
equal V(T p).
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The variation of the molar volume of the pure solvent from p; — n; to
p; + m, at constant T is illustrated as the curve labelled V{(T, p) in Figure 1.
If our assumption is valid, then the curve labelled V,(T, p, x,) represents
the variation of the partial molar volume of the solution solvent from p; to
p; + 2n,. By comparing the curve for V{(T, p) from p; — =, to p; + n; with
the curve for V{(T, p, x,) from p; to p; + 2rn,, several facts are clear:

1) V?(?; pi—my) = Vl(T; Pis X1)5

2) V(J)(Ts p) = V1(Ta pi + 71, Xx1);
3) V?(I pi+m) = I71(T’ pi + 27y, X1);

Pi . pitnr
2 SR
pi—m Pi

ie. the area under V(T,p) from p, — m, to p; equals the area under
V(T, p, x,) from p; to p; + n, and Eq. (18) is satisfied;

5) Egs. (19) and (20) are also satisfied.

Next, assume that the curve for the partial molar volume of the solvent is,
as before, Vi(T, p, x,) in Figure 1, and assume that the molar volume of
the pure solvent varies as the broken curve labelled V(T, p) from p; — =, to
p; + 7. These curves assume that the pure solvent is more compressible than

VTp) B
. \y Vp) V(Tpx) _
TATpm) NS | V(T p,x)

I —
-VTp) : -V (Tp+m,x,)
= I {‘\\\\\ ] I -

l ! N 1

: { ~d !

| | |

2 | | )

! : ) l

1 1 1 |

p-1Tl p D+TT, D+2TT,

FIGURE | Molar volumes (ordinate) versus applied pressures (abscissa) of pure solvent
and solution solvent. Solid curves demonstrate that the compressibility of pure solvent from
p — @, to p + m, equals compressibility of solution solvent from p to p + 2x, at the same T.
Broken curve incorrectly assumes that compressibility of pure solvent differs from compressi-
bility of solution solvent.
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the solution solvent. The broken curve V(T, p) was drawn to satisfy Eq. (18)
but it can not also satisfy Eqgs. (19) and (20), i.e.

pi+n1_ p,-+27:|_
f Vidp # V. dp

pi pitmy

and
pitmL pit2m
f V9dp # f v, dp.
pi—my Di

Since the compressibility of the pure solvent and V(T, p) from p,— =, to
to p; + m, must satisfy Egs. (18), (19) and (20), we can conclude that our
first assumption was valid, i.e. VT, p) = Vi(T, p + n, x;), and the com-
pressibility of pure solvent at every p must be identical with the compres-
sibility of the solution solvent at every p + m; at constant T and x,. It
also follows that

Vi(T, p,x) = VT, p — 7y) (21)
and that
AVI(T; p,Xy) = AV?(’T, p—m)

ifthe pressure applied to the pure solventchangesfromp — n;top + Ap — m;
while the pressure applied to the solution changes from p to p + Ap. Thus,

AVI(T; P, X1) _ AV?(T; p—m)
Vi(T, p, xy) V(l)(Ta p—m)

That is, the compressibility of the solution solvent at T and p must equal the
compressibility of the pure solvent at T and p — 7,

k(T p,x1) = k{(T.p — my). (22)

Relationship between compressibilities of solution solute x, and
pure solute k§

The same argument as above can be exploited to derive the relationship
between the compressibilities of the solution solute and pure solute. In-
creasing the pressure applied to the solution from an initial pressure p; to
p; + Ap increases the chemical potential of the solution solute an amount

pit+ap

1T, py + Ap, x3) — 13T, pry X3) = f 7, dp. 23)

pi
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at constant Tand x, . For pure solute x§ = 1. Decreasing the pressure applied
to it from p, to p; — Ap at constant T decreases its chemical potential an
amount

pi—Ap

KT~ dp) (T = [ V3dp 24)
pi
¥V, and V9 are both functions of T and p and there is an exact relationship
between them.

If Ap in Egs. (23) and (24) is equal to the osmotic pressure of the solute in
the solution, r,, then the sum of left sides of Egs. (23) and (24) equals zero
since

uAT, pi + 7y, x3) = pNT, py) (25)
and
pao(T py, x5) = ﬂ(z)(’I; pi — T3)- (26)
Thus, it follows that
pitma P
J V,dp = f V9 dp. 27
Pi Di—Tm2
It also follows that
pit2my pitm2
[" har= [ 7 (28)
Di pi—mn2

since ¥, and V' are state functions of T and p. Only if
V(T p,x2) = V(T p — m3) (29)
are both Eqgs. (27) and (28) satisfied. It also follows that
—AVAT, p, x3) = —AVHT, p — 1)), (30)

if the pressure applied to the solution increases from p to p + Ap while the
pressure applied to the pure solute increases from p — 7, to p + Ap — 7,.
Thus,

AV(T, p, x;) AVYT, p — m,)

_ =2 31)
VZ(T7 D, x2) V(Z)(Ts P — 712)

and
k(T p, x3) = kYT, p — m2). (32)

That is, the compressibility of the solution solute at T and p must equal the
compressibility of the pure solute at T and p — 7,.
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Relationship between the compressibility of the solution x,, and

the compressibilities of the pure solvent k9 and pure solute «k?

The relationship between the compressibility of a binary solution
k12(T, p, ny, n,) and the compressibilities of its solution solvent and solution
solute was derived as Eq. (11). Egs. (21), (22), (29) and (32) can be used to
substitute for ¥, x,, ¥, and x, in Eq. (11). Thus, Eq. (11) becomes

k1T, p,ny, n))V(T, p,ny, ny) = ’7117(1)(7: p—- 771)"(1)(7: p—m)
+ VYT, p — 1)L p — my). (33)

The product of the volume and compressibility of the solution at T, p, n, and
n, must equal the product of the number of moles of solution solvent at
T, p, n, and n,, the molar volume and the compressibility of pure solvent at
Tand p — =n, plus the product of the number of moles of solution solute, the
molar volume and the compressibility of the pure solute at Tand p — n,.

CONCLUSION

Equation (33) is an exact relationship between the compressibility and
volume of a binary solution and the compressibilities and molar volumes of
its pure constituents. x,, and V;, can be measured at T and p; V9 and 3
can be measuredat Tand p — =m,; V9 and k) can be measured at Tandp — =,.
If n; and n, are known at T and p, then these data must satisfy Eq. (33). If
Eq. (33) is not satisfied, then n, and n, were not known at T and p.

Eq. (33) can also be written

K12(T, p + my, ny, 1) Vi, p + 7wy, 1y, 1)
=m VAT, pcNT,p) + VYT p + 7y — 7T, p + my — 72)
(34)
or it can be written

Kio(Lp+my,n,n)Vio(Tp+ 7p,n4,n)
= VYT, p—7n, +7y) kT, p — 7y + 7)) + n, VAT, p)eX(T, p). (35)

Again, the volumes and compressibilities of the solution and of the pure
constituents can be measured at the pressures indicated in Eqs. (34) and (35).
It should be noted that n; and n, refer to the molar amounts of 1 and 2 at T
and p + 7, in Eq. (34) and to the molar amounts at Tand p + =, in Eq. (35).
In many solutions, n, will differ from n¢ and n, will differ from n at the same
T and p. Furthermore, n, and n, may vary with T and p. Nevertheless,
Egs. (33), (34) and (35) are exact relationships and they provide an oppor-
tunity to investigate n, and n, in various solutions at various temperatures
and pressures.
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According to Eq. (33) an increase in the pressure applied to the solution
from p to p + Ap, an increase from p — 7, to p + Ap — =, applied to the
pure solvent and an increase from p — m, to p + Ap — =, applied to the pure
solute decreases their volumes at constant T

AV(T, p,ny, ng) = mAVHT p — 7)) + mAVY T p — o). (36)
Similarity, increasing the pressures in Eqs. (34) and (35) by Ap decrease the
volumes of solution, pure solvent and pure solute the amounts

AV(T, p + my, ny, ny) = m AV(T, p) + ny AVY(T, p + n; — 7). 37)
and
AV(T,p + ny,ny,np) = i AVAT, p + 7, — ) + ”27(2)(7: p). (38)

Thus, the variation for n, and n, as a function of T and pressure can be
experimentally determined for a solution constituted by mixing n? moles of
pure solvent and »n§ moles of pure solute.
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